Sahil Hegde Problem Set 9 Solutions MATH 2030

Section 5.5: 1, 5, 10, 12, 13

1. We have the equation 2zy” +v' + zy = 0.

(a) By dividing through by the coefficient of the second derivative term, we get p(x) =
% and q(z) = % Then, to check if 0 is a regular singular point, we need to check:

. ..
limap(z) = 5, lima“g(x) =0 v

and because both limits are finite, z = 0 is a regular singular point.

(b) We begin with the ansatz y = >~ ja,2"*", so we can plug it into the equation:

20> tnln+ = Dn+ P22+ 3l )+ S 6 = 0

n=0 n—=0 p—
Z an(n+7)(2n+2r — 2+ Da™ ! 4 Zanxn+r+1 —0
n=0 =0

3 an(n+ )20+ 20 — a4 Z P
n=0

ao(r)(2r +1) +Zan n+r)(2n+2r — 1)z" " 1+Zan_ ntr-1 _
n=2 n—2

where the dots refer to the a; term from the first sum. Then we know that the
coefficients of each x term must be 0, so we can read off the indicial equation from
the coefficient of the ag term:

1
T‘(?T‘—Fl) =0 = 1,2 :0,5
We can also read off the recurrence relation:
ap, = — n—2 > 2

(n+r)(2n+2r—1)

(c¢) Then the series solution follows from substitution into the original ansatz and using
the larger root:

bt + ...

2yt (=1
g e @) (m)5(9)(13) . (4n 1 1)

(d) The second solution can be written out the same way:

2 (_1)nx2n

23) T @ (m3(T)(11)... (4n — 1)

+ ...
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5. We have 3z%y" + 2xy’ + 2%y = 0.
(a) Just as in the previous problem, we can compute the limits of p and ¢ to check if
x = 0 is a regular singular point:
: 2 a2
3Ty =0
and because both limits are finite, = 0 is a regular singular point.

(b) Again, we begin with the same ansatz as usual and plug it into the equation:

3Zan(n+’r — 1)(n+ T)xn-&-r + QZan(n+7‘)$n+T + Zanxn+r+2 —0

n=0 n=0 n=0
Z an(3n+3r —1)(n+r)a™" + Z apz" T =0
n=0 n=0

Ao + ap(n +7)(3n+3r — D] 2" =0
[ (n+7)( )]

hE

ap(3r — )r+ay---+

I|
N

n

and we can read off the indicial equation:

1
7“(3’/’—1):0 — 7”172:0,%
and the recurrence relation:
Gy = — n—2 > 2

(n+7’)(3n+37’—1)’n_

(c) We can substitute r = 1/3 into the recurrence relation and that into the ansatz to
get:

T )
2(7) 2 (n)7(13) ... (6n+1)

nh=x

(d) Substituting r = 0, we have

[EQ (_1)nx2n
1

2(5) @) (m)5(10)(17) ... (6n — 1

)—i-...

10. We have z?y” + (2 + 1)y = 0.
(a) We can follow the same process as before:

2(,.2
hmx(x —1-1/4):1\/

z—0 x2 4

and p(z) = 0 so these limits are finite and « = 0 is a regular singular point.
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(b) Plugging in the same ansatz, we get:

iann—i—r—l(n—kr) ”+T+Zan nir2 4 - Zan "=0

n=0 n=0

ag [(r—l)r%—ﬂ +---+Z[an ((n+r—1)(n+r)+i>+an_2} =0

n=2

so we can read off the indicial equation:

1 1
-1 o0 = S
(T’ )7’+4 0 1,2 5

and the recurrence relation:

Ap—2

,n > 2
(n+r—1)(n+r)+1

Ay = —

(c) Substituting these into the ansatz, we get:

2 _1)n$2n
72121 -2 (—
Y1 = 5 + e+ (2 (n)) + ...

12. We now have the equation (1 — 22)y” — zy’ + o?y = 0.

(a) We can first check that z = 1 is a regular singular point by writing (1 — 2?) =
—(z—1)(x+1):

—z(z —1 1 —a?(r—1
i 2@ =D L @D,
21 (1—2)(x+1) 2'2>1  z+1

and for x = —1:

— 1 1 2 1
lim z(r+1) B . af(z+1)

— = 0
1 (l—a) @+ 1) 2as1 z-1

so both are regular singular points. Now we can make use of the expression for the
general form of the indicial equation F(r) = r(r — 1) + por + go = 0 where py and
qo are the limits of p and ¢ evaluated at the singular point, so for z = 1:

(r—1)+ 5, L) _ 0 = =0 L
r(r 27" =r|r 5) = T2 =Y, 9
For x = —1, we have the same indicial equation, so the same roots.
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[e.9]

(b) For this problem, we begin with the ansatz y = >~ a,(z—1)"*". For substituting
this into the ODE, it is useful to rewrite:

l-2*=—(z—1)z+1)=—(r—-1)*-2x—-1), —v=—(z—-1)—1

so we write:

—Z(n+r —D(n+r)(x—1)"" — ZZan(n+ r—1)(n+7r)(z—1)" !

n=0 n—0
0o 0 -

_ Zan(n + T)(SC — 1)n+r _ Zan(n + T)(Q; — 1)n+r71 + 052 Zan(x - 1)n+r —0
n=0 n=0 —

Skipping some steps because we are following the same process as the previous few
questions and already know the indicial equation, we can read off the coefficient of
the z"*" term:

_ (n+r=2)n+r—D+Mm+r—-1)-a* |  (nf+r-17%-a
Up = —Cp_1 2(n4+7r—1)(n+7r)+ (n+7r) T )1 +2n+r—1))

Then we can substitute in the root r = 1/2:

()" - a?) (20 — 1)2 — 40?)

Ap = —Qp—1 = —Aap-—1

2n+1)n (2n 4+ 1)4n
so the first solution is:
1—4a? (=1)™(1 —4a?)...((2n — 1)* — 40?)
=12 1 (r—1) ... —1)"
==l { 9)(3) (T4t 2n(2n + 1)! (z=1)

Then if we substitute in r = 0:

and we have another solution:

y=1+a*(z—1)+--+

13. We have zy” + (1 — )y’ + Ay = 0.
(a) Rewriting the equation, we have y” + =2y’ 4+ 2y = 0. Then, we have:
pu— 1 _— pu— p— 1 2 pu—
Do —il_rf(l)(l ) =1, q glcli%)\x 0v’

so z = 0 is a singular point.



Sahil Hegde Problem Set 9 Solutions MATH 2030

(b)

This corresponds to the indicial equation:

rir—=1)+r=0 =

For the recurrence relation, we will substitute in the same ansatz as usual and we
have:

Z an(n+7r—1)(n+r)z" "1+ Z an(n +r)z" 1

n=0 n=0
o0 oo
- E an(n + 7)™ + g Xa, 2" =0

Again skipping steps that are just simple algebra and the same manipulations as
before, we have the recurrence relation:

n+r—1)—2A
(0t 17

ap = ap—1

Taking » = 0, we have a solution of the form:

y=1—>\x+wx2+m+(—)\)...(ilr!z>;1_)\)mn+

From this, it is clear that if A = m, for kK > m, all the a; coefficients will have a

factor of a1 = ™H=lom — (50 a,,,1 and all subsequent coefficients will be 0.
+ (m+1) +

Therefore, the series truncates and we are left with a polynomial.

Section 5.6: 5, 9

5. We have 22" + 3sin 2y — 2y = 0, which yields p(r) = 2822 and ¢(z) = %. These both
have singular points at x = 0 and we can see that

2 T

3sinx

po = lim

= =lim2=2
r—0 x 37 do aclir(l)

so this is a regular singular point. Then, the indicial equation is

rr—1)+3r4+2=0] = |[r,=—-1+V3

9. We now have z%(1 — z2)y” — (1 + z)y’ + 22y = 0, which has singular points at x = 0, 1.
For x = 0, we see that

i~ pNE
=0 (1 — x)
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so this is an irregular singular point. For x = 1, we find that

—2(x -1
pozlim#:Z qozlimL
z—=1 X z—1

=0

i

Therefore, x = 1 is a regular singular point. Then we find that the indicial equation

e =] — a0




