
Toric Geometry Seminar I

Reference Fulton A Introduction the Varieties

Notation A latticeof dimension n N 2 and its dual Lattice M Nˇ HomeN 2
Write NR N 2R and MR M 2R
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S 1.2 Convex polyhedral cones CC.PK
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31 Definition A fare t of o is the intersectionof o nithanysupporting hyperplane
t o n u

t I VE51 u ˇ 04 tǐǚ兄品u.us
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I Any face is contained in a csdmensim lfarei.ee a facet
61 Any fare is the intersectionof all facets containing it
71 The topological boundary of a cone that spansNR is the union fits properfaces
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Gordan's lemma If o is a rational C.P.C def 5 coneis withSCNCNR then Soon
is a finitely generated semigroup
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Bops.im37 If o o r.c.P.C whose intersection is a fareof each then STSsigmaSsigma
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3 Afne Toni Varieties
het 5 be a strongy convex rational polyhedral core So onM is a fg sinigizt

One can formthe Corresponding group ring CESo which is a commutativealgebra

If V is the generatingset of So then we can unite

4 So 4EX
uevasapolynsmdgwhaexu.MEx with unit I X

Recall that a finitelygenerated comntti.ec algebra A determines a complexattire

variety X SpeeAI wl underlying pane the spectrum f A
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Let N M 2 w standard basis e en
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Definition Ani variety is an normal variety such that
it C is a Zariskiopen subset of X
121 the action of leftmathbbCrightn extends to an action of leftmathbbCrightn an X

TheoremI An attire variety X that is nic if existsSCRPCsigmaS XVsigma
的llay F a s.c.R.P.C 5 the attire toni raney Vsigma is indeed a tic
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Recall last time

For any s.c.R.P.co an affine tonicvariety VsigmaS ze 1leftmathbbCleftSsigmarightright
nsupset

We know that if I CT is a fare then StausupsetSsigmaRightarrowexistsmathbbCleftSsigmarightrightarrowmathbbCleftStauright
AtauA

Lerma 中 indmes an open embedding fVtaurightarrowVsigma as a principal opensubset

f proposition from last time said StauSsigmamathbbZgeqjlefturight f tausigmacapubot

All elements in mathbbCleftSTright is of the form xwpunicefracxwxpu for winSsigma and pgeq0

AtauleftAsigmarightranglechinu
Observation 5 S.C.R.P.c Vo contains leftmathbbCrightn as a denseopen subset

Gordan's lemma m1ldotsmr generates onM
propto

二 mathbbCleftX1ldotsXrrightrightarrowmathbbCleftSsigmarightrightarrowmathbbCleftt1pm1ldotstnpm1right mathbbCM

0 is quotientg 多 all relations among generators

β is inclusion into the fieldof fraction
Nene can always pick m0in intosigmaV as sigma is stronglycomex

If m EM 7lla.ge sit mlm0insigmav as inthe pf from Lasttime

ie make lmo evaluation at generatorsof o large so that mlm0geq0 on them

Rightarrowtmtmlm0lefttm0rightlinmathbbCleftSsigmarighttm0
It msum_i1nriei tmt1r1t2r2ldotstnrn a rational function

β factors through mathbbCleftSsigmarightrightarrowmathbbCleftSsigmarighttm0mathbbCleftMrightsimeqmathbbCleftt1pm1right ldots tnpm1GIMPm hasnonzero component on each
standard basis vector ei thus

can give all t 5
frac1
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action ofT an Vo natural as the kernelof o is stableunder Taetou
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On algebra lend this action corresponds ts 455 CTS CM

x x xoxu

Ether example
Bductl if o c N T'c N s.c R.P.c s then Ox T C N N sc.R.P.C

algebra CTSoxo CSo C So

geometry Voxo EVo xVo

S1.4 Fans and hi Varieties

I A Fan Σ EN is a collectionof s.c.R.P.C's o inNR such that
111 Each fareof a cone in Σ is als a cone in Σ

121 The intersection of two cones in Σ is a faceof each

Vext me want t construct a variety out of a fan via gluingVo for TEΣ
over Vt where trans over all faresgiven多 intersectionsof 5

Examples
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Sigma1leftsigma1sigma2right
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On algebra lend me here
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SpecleftmathbbCleftabrightrightVsigma1congmathbbC2congVsigma2xeleftmathbbCleftSrightright
VtauSperleftmathbbCleftxpmyrightright
mathbbCleftabrightleftrightarrowmathbbCleftxpm1yrightleftarrowmathbbCleftsright
mathbbCatimesmathbbCbleftrightarrowmathbbCxtimesmathbbCyrightarrowmathbbCstimesmathbbC

mathbbCa and mathbbCs is glued over
mathbbC via the transitionmaps

mathbbCaleftarrowmathbbCxrightarrowmathbbCs
xleftarrowx1rightarrowx1
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i.e over mathbbCX
This is exactlythe standard 2 covering pieces of mathbbR
ie VSigma1congmathbbRtimesmathbbC Note here Sigma1Sigma0xlefttauright far taucoeclefte2right

VSigma1VSigma0timesV 汇了
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V4leftlangle1nrightrangleV3left01rightExtra example het V1left01rightV2leftlangle10rightrangle
sigma1 cone ri V21 sigma2coreleftlangleV2V3rightranglesigma3coreleftlangleV3V4rightrangle

Sigmaleftnrightleftlanglesigma1sigma2sigma5sigma4rightrangle
sigma4coreleftV4V1right

Noe Sigma11Sigma1RightarrowXSigma41PPtimesP
In general XSigmacnl is densed by Fn called Hizebruchsunfae



Ss 1.5 in Varieties From Rlyges
Definition A convex polytopeP in a finite dimensional vectorspare E is the cowexhull

of finite subsetsof E Fr ninE the supporting hyperplane HurleftvinEleftlangleuvrightranglerright
f some r ER intersects with 1 to give a fareof P for PsubsetHurleftvinEuvgeqrright
Again odin I fares are calledfacetsand o dinhfa.es are vertices Four purpose ne restn

to the caseof TMmathbbRNmathbbRvsimeqmathbbRn and SsubsetM finitelymay latie point Such a P is called
a latticepsgtope

Rnk me assume K is of dimension n Hl
Examples 人

P1co n Vleftleft11rightleftlangle11rightrangleleft11rightleft11rightright P2Covleftleft11rightleft21rightleft11rightleftlangle111rightright

tnition Construction NormalFan Given a polytope P There's an associated normalfa
SigmaPsigmaF I F a fae of P了 where f is the cone generated多 all inward normals

to each faet containing F To Σ1s me here at'i variety XpXSigmap
P1 sum_P1
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XP1mathbbRtimesmathbbRPrangle

left12right
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sigma1v
L sigma1
left21rightsigma2 sigma22 left12right



XsigmaSperleftmathbbCleftxyrightrightcongmathbbC2congSpxcleftmathbbCTXy1rightX T

Xsigma2SpxcleftmathbbCleftx1y1xy2rightrightcong Spec C EUNWYcuw.vn

Xsigma3SpxcleftmathbbCleftx1x1yx1y2rightrightcong Spee lceilmathbbCrceila b cac b27
are singularbutnot
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Going 1ank t0SigmaleftlanglenrightleftrightarrowPn left01right lefta11right
left00right

101

Theorem The ti variety of a fan Sigma in NmathbbR is projective

I is the normal fanof an n dimensional latiepytspe P in MmathbbR

Recall a projective variety is the vanishing barsof some 的generouspynomial on

poutine spare
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S 2.1 Lial properties of ni varieties

e.g o R Uo 4 Specccix.in xnJlt T c

There'e other strata of th fam CKx cc associated to fares
𦍋
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In particular T is the Smallest statunwheneallmonomialsx.is are invertible

The remaining part UolT Xo o o o is called the distinguished point

Given a CNR SF 5ˇnM and Ur See CESo

The coordinate ring ETSo has basis element of the fm X f n E So andmultipliiatn

given y x x xutu

Now if X is a pl in Uo we can consider it as an element in nc 455 1C
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t 503 Xo 40， 0， 01 is the only singularpint ofUo
One can see this through either

atThem If YI A which is C in an lase is an affinevawety.PEY apt then

Y is nonsingular at P 名y is regular beating

1
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Mympr 三 C x ̅ 4g Cz dhensim 3 2 dnensinUs

Cheek Uo il cut out by fix.y z1 y ㄨ2 of c Z zy x vanishes at Xo

Uo is singular at o o o

hey nasm f this to happen is giving us the following definition
Acme is simplicial if it is the one of a simplygenerated ly linearly independent element

in N not necessary palof a 卫 basis

5ˇ gaanudly 1110

In our case My 2022 is of index 2 in M

Sumaizing the abone observation Thm

An affine tail variety is nonsingular 5 is generatedbypotof a 2 basisof thefatece N
where Uo E CKx cc
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S 2.2 Quotient Singularities
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To see this via toni geometry let N be the late generated多 o 1 and cm 1 in N

5 is the sane cone but now considered as a cone in N U N E E

Nne the N N indues a map UoN UoN

It N is generated y me len M is generated by ei and tei'tei
Comesponds ts U and V A N C u V

Now ArN Ao Nin GEM A N n CEM'SG A n
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sublatrine f finiteindex
In general N'CN NR NR osc.R.p.c.in Nk its abs.ca.p.c答

It 的 we have Von Vr N th covering

Spac4 onM了1
t
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On the lend of t me here o N N Nyu tensang with divisiblegup C

0 TN t 不

Thus G ˊ uitl aet on VoN wl VoN E UnNG
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SS2.3 One parameter suhgmps limitpoints

Goal me want to recover fan cone from the above 2 objects

I A one panemetersubgmpfatomsTisgrmphomsmsrph.ismi C T

e g let V ab but ER then 入ˇctl ct tbn

The example gives rise ts all possible one_parameter subgroups of 16少
ie N 1sione paranete.rsubgunpsofTN4
Given a character X associated t u E M N

x 入ˇ c 为 不 4 sends t Ects t



The limit point of a one panemetersubgmpNistim.it

Proposition Let o E NR s.c R.p.s and VEN Then

VE o 台的 ˇ t exists in Uo
lover if v E int lol Nctl Xo the distinguished point

f RHS li X ˇ t'tim t exists in c for all u E So

cu.us fall ne onM So
V E ˇ ˇ

5 LHS

y FeanhsgEE The toms orbit is 0 5 TN.Xo
Denote N o nN

Lemma 007 Tool HsmzcotnM c 7

Theorem I Orbit_cone correspondence Let be a tivanetyassociaedtsaf.ECipE

11licones5inIYt'tsiTv orbits in 了
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121 dimOco n dimio
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V ca.by limit point cone toms orbit

a b s c1 1， 17 M ixi o for all i3
a bso C1 o 01 5 f x X2 o Xo 01
a b bco o o 17 5 i X 0 4

a co asb o l o l n i x 2 0 x 了

a 0 b o l o 11 To ix 0 Xo 了
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S 2.4 Compactness Roperness

I het p N N be morphism f laties sending Σ'CN't ΣCN the indeed

morphism f Xi is proper if P 1Σ1 1Σ 1

It The supplf a fan Σ 1Σ1 ǒii Σ is couplere f dsEle
NR R

I thm A morphism t X Yb wva.ie tel is proper if for anyevaluateany R
w fractional field K any comntetive diagramhas a uniquehe

FOE Spec k 5 X ord k 2 st
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亖 Spec R ys Y
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f I and u pivi in a cone if I then pxldu.cz1 and It1 1 f gERㄨ

入v121 desn't exists in as z 70 f
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The goal is to find JEIs.t.pe r C 5

f is detained algebraically多 a morphism o So K
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Aply the pop to f i s

I A toric vaiey is cpct Σ is complete



A fundamental example of propermap blowup

Generically the prototype blow up is green ly
Bl C icxi.ly i E C x P lxiyj xjyilwyacore.ru i ixi S
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人 o T conecenterIT
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n_n 5

e e

Xo Xo
o.ECTy y JEG Tu v Ar E CTX 久了 East

9器 器 器
Ai E Cia b b c st 115 1

4 Given a fan Σ a far I refines Σ if o'EE 5 E Ist r'c r and

IΣ 1 1Σ1 i.eu ur is partA a basisAN

ti Let 5 core lu url smoothcone let ug i n i and formthe cones generated
ly subset of sur u u 了 notequdtsíu un l Dense the new fan ly Eir
called the star subdivision f Σ along o Moreover 1 is the blowupof aby

One can generalize blowup fafanysubdiidigabngayrayinteinte.ir f
a cone



S 2.5 Nonsingular sufaes
2 dimensiondnonsingu.la complete varieties are characterized多 the fan
asoiiatedtsasequemeflatieptsvo.civa v v ordered cantadookuiselys.tnany
2 adjacent elements fom a basis for N

ǎ
人Y Fant d 3 p

d 4 Fa Hizabrunhswfa.es

s 入
d 5 blowsupof abae

2.6 Resolution of singularities
If A propermorphism P Y X is a resolution

fsiylaitnesfxifYisasvanieyandPind.esYIP Xsing E XIXing

Idea We keepblowing up多 refining the fan until all cones are smooth

E lal 5 lonecer de erl
Σ

二conese lrl

T corece 7 4 c
0T

n_n 2

Xo sing ixol
Yaele de _e

Inpaeiden p ix 1 is the closeof the 不 orbit Oct a cure E P called

exceptional divisoron

1 5 cone e eit4921 _core'lit312
八 八 Tn CM tǐimece e ten545

f

Ti



Ti is solh Xo.EC Xo and Xzlptna Xdixrl
w P xr37 E OTDUŌCIDUŌCT

Ōk I力 Jalil at J tu 1 Ō行 at

T Let be normal nivaiey a smooth fan Σ refines Σ as P
is a resluzian of singularies

Continued Farnon

pi In a 2 d'm S.C.R.P.c OC NR R a basis e er for NS.t
5 coneher de keri where dso o kcdgcdcd.kl 1

fi Fact grle.nl d ED o s k smh that l sd k y o kad

let 5 cretu uzi fr printle u ur eist.eieru.st.fm
a basis Uz deitlerfd.to WLOG me asued

多 1 S k s.t l sd k f o kcd let e e its en then e er fom
a basis and Ur de 1l sd er de _kergcd.dk 1 bc this prime

This pop helps us to tansfon the cone we want to blowup into this canon
id

four
Resohmf Sing stg miterinuiifmde.tt

step1 hefner by adding e
To cone le er7 5 cmece de kerl

Next run the prop far 5

Let u e u a e _ez for d a k k w a 2 ock kg
de _ker a k k.ie 一 ker k a ei lz7 k.ee ku k.u

5 cu u 7 and i conecu kui k.no

recursinestep d this againand again until all cones are smooth个 T
1
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